there was a local preconditioning matrix that removes the spread among the characteristic speeds as much as The effect of a recently derived local preconditioning possible. It achieves what can be shown to be the matrix [I] on discretizations of the spatial Euler operator is a strong concentration of the pattern of eigenvalues in the complex plane. This makes it possible to design multi-stage schemes that systematically damp most highfrequency waves admitted by the particular discrete operator.
Introduction
Explicit marching schemes for the Euler and NavierStokes equations must feature effective high-frequency damping in order t o be suited for use in multi-grid marching. Multi-stage schemes offer the flexibility to achieve the desired smoothing properties. Until recently, however, the design of optimally smoothing multi-stage schemes was based entirely on the scalar one-dimensional [2, 31 or twodimensional [4] convection equation.
optimal condition number for the characteristic speeds, namely, 1/J1 -min(M2, M -2 ) , where M is the local . .
Mach number. This is a major improvement over the condition number before preconditioning, which equals ( M + 1)/ min(M, IM -11).
The effect of the preconditioning on discretizations of the spatial Euler operator is a strong concentration of the pattern of eigenvalues in the complex plane. This, finally, makes it possible t o design multi-stage schemes that systematically damp most high-frequency waves admitted by the particular discrete operator. The design technique is an extension of the techniques used in [3, 6, 41 .
The resulting schemes are not only preferable as solvers in a multi-grid strategy, they are also superior single-grid schemes, as the preconditioning itself already accelerates the convergence to a steady solution, and the high-frequency damping provides robustness.
In this paper we describe the optimization technique, use it to obtain the optimal sequence of time-step values for upwind Euler discretizations, and present some convergence results for numerical integrations performed with the new schemes. Furthermore, the extension to discrete Navier-Stokes operators is treated. The Euler preconditioning matrix on which this research is based is an improvement over the matrix presented in [I] ; the NavierStokes preconditioner is new. Both are presented in a companion paper on preconditioning, simultaneously submitted to this conference [7] .
In [5] we presented, for the first time, a design approach for Euler schemes in which the Fourier transform of the full spatial operator is used. This ap- specific value of the time-step, the finding of which is part of the design process. An example of the result of this procedure is shown in Figures 1 and 2 .
Catalano and Deconinck [4] relaxed the condition that the zeros must lie exactly on the Fourier locus, thereby achieving a further reduction of the maximum amplification factor for the high frequencies.
For a two-dimensional discrete convection operator the Fourier footprint no longer is a single curve, but covers an area; the location and shape of this area vary greatly with the convection direction. Figures 3 and 4 show the locus for the first-order upwind-differencing operator, for convection directions of 10" and 45". The frequencies in-
. Highfrequency damping by a fixed multi-stage scheme (coefficients independent of flow direction) is easily achieved for modes propagating in the physical convection direction, but is fundamentally difficult for modes varying in the normal direction, especially if the convection is almost in the grid direction. This is what we may call the singlegrid alignment problem; its solution lies beyond the scope of this paper.
The alignment problem is evident in Figure 3 from the low-high frequency combinations found near the origin. To damp these, zeros must be put close to the origin; to benefit from these zeros, a large time-step would be needed; this works against numerical stability.
For two-dimensional convection Tai as well as Catalano and Deconinck use a one-dimensional optimization: they only consider high-frequency plane waves moving in the flow direction. Tai accepts the optimal sequence of time-step ratios for one-dimensional convection and merely adjusts the final Courant number; the latter de- pends on the flow angle. Catalano and Deconinck repeat the optimization for each flow angle; this makes all parameters dependent on the flow angle, which is less desirable. Moreover, the alignment problem causes the the parameters to vary strongly when the flow angle becomes small.
We have redone the optimization for two-dimensional convection using the full two-dimensional footprint. For small flow angles, though, we excluded the low-high frequency combinations which would render the optimization meaningless. The optimal coefficients derived using spatial operators associated with the two-dimensional convection equation are very close to the coefficients obtained with the Modified Roe operator for the preconditioned Euler equations. Figure 21 shows the Fourier footprint of the first-order upwind discretization (high-frequency component) for the two-dimensional convection equation superimposed upon level lines of the multi-stage scheme based upon the modified Roe operator for the preconditioned Euler equations. As can be seen in the figure, these coefficients are close to optimal for the two-dimensional convection discrete operator as well. It is important to make an appropriate choice of the length scale used in defining the Courant number v (cf. Section 5). 
The different sizes of the different concentrations in from time level tn to tn+' = tn + At, the method takes the footprint make it impossible to place the zeros of the form a multi-stage amplification factor at fixed locations in the complex plane and still achieve good high-frequency ~( 0 ) = u n , damping for all Mach numbers (even disregarding flow an- (2) gles) . The optimization procedure starts out by computing, for a fixed combination of M and 4 (Z flow angle), a discrete set of eigenvalues for wave-number pairs (P,, Py)
in the high-frequency range, i.e.
Optimization procedure
The procedure for optimizing high-frequency damping aims a t minimizing the maximum of the modulus of Assuming a set of starting values for the m-stage scheme, the scheme's amplification factor over the set of high-for instance Tai's values, the value of I P(z)l is computed frequency eigenvalues. The input parameters are the time-for all eigenvalues previously obtained, and its maximum is found. This is our functional a(Adl), .., Adrn); M , 4); it must be minimized by varying the m parameters. (Dependence on M and 4 will be considered later.) The optimal (in the L, sense) m-stage scheme may hence be obtained as the solution to the following minmax problem:
The optimization procedure that appeared to be most robust is Powell's method (see, e.g., [9] ). The optimization procedure is not without its problems. Specifically, there are two points of concern:
1. The alignment problem makes the optimization meaningless for flow angles near 0 (or ~/ 2 ) , since the amplification factor for low-high (or high-low) frequency combinations tends to 1. Our solution is to filter out these frequency combinations, e.g. for Figure 22 shows the result of an optimization of a 4-stage scheme for the third-order upwind-biased Euler discretization (a K-scheme with K = [ll] ). The functional value is 0.6641, which may seem rather high. However, it must be pointed out that similar functional values are obtained with the footprint of the equivalent discrete operator for the two-dimensional convection equation. Most analysis done so far was based on one-dimensional convection, which yields lower functional values for these minmax optimal solutions.
Dependence on the flow angle
As explained above, the optimization procedure generates a time-step value for which the optimal highfrequency damping is realized. For a given spatial operator and number of stages, this Atopt depends on the Mach number and the flow angle. The variation with the flow angle is similar to that of the maximum permitted time It was our goal, given the spatial differencing operator and the number of stages, to produce a single set of multi-stage parameters that yield effective high-frequency damping for any flow angle or Mach number. As explained in the previous section, the influence of the flow angle is minor, once the alignment problem has been removed. By the same token, the influence of the Mach number is minor once we recognize there is no remedy for the deterioration of high-frequency damping as M approaches 1, other than using more stages. If we give the multi-stage parameters a weight dl -min(M2, M-2), the sonic problem is removed, and a useful set of parameters can be chosen.
Optimal multi-stage schemes
We have computed optimal multi-stage schemes (Tables 1 -4) based on the Modified Roe discrete operator for the preconditioned Euler equations. Though these coefficients have been computed based on this specific operator, it is expected that they will be useful with other discrete spatial operators for the preconditioned Euler and NavierStokes equations as well.
These schemes are not only preferable as solvers in a multi-grid strategy, but are also superior single-grid Number of Stages schemes, as the preconditioning itself already accelerates the convergence t o a steady solution, and the highfrequency damping provides robustness.
Multi-grid convergence studies
With reference to the convergence plots (Figures 28   -35) , the key prec refers t o the use of the Modified Roe discretization along with coefficients derived in this paper. no prec refers t o Roe's scheme along with Tai's coefficients. mg indicates that the line is the result of using 4 grid levels. (A Sawtooth-FAS cycle was used in these multi-grid calculations.) A work unit is defined as the work required for a single stage relaxation sweep (update) on the fine grid. Since the relaxation schemes vary, this would seem inconsistent. However, if coded properly, the preconditioned scheme is comparable in cost to the regular scheme.
A first test case was the computation of steady flow over a NACA 0012 airfoil a t Mach number 0.63 and angle of attack 2' on a 32x16 0-grid. Residual convergence histories, with and without preconditioning on single-and multi-grids, are presented in Figure 35 . It is seen that preconditioning and multi-grid marching accelerate the convergence independently. The multi-grid technique is more effective for the preconditioned scheme than for the standard scheme because of the superior damping properties of the preconditioned scheme, i.e. the speed-up should be greater for the preconditioned scheme. This has been demonstrated by Tai [6] for one-dimensional Euler computations (see Table 5 ). Evidence of this speed-up in the two-dimensional case is demonstrated in Figure 35 . A speed-up factor of 2.73 over the standard scheme is obtained by using multi-grid with the standard scheme and the corresponding speed-up factor with multi-grid over the preconditioned scheme is 3.21. The corresponding gain by using multi-grid with preconditioning over traditional multi-grid is a speed-up factor of 1.6 for this case. The two-dimensional case is qualitatively different because of the appearance of stagnation points, which cause trouble in the preconditioning step. In order to reap the full multi-grid benefits it is necessary t o make the preconditioning scheme more robust near flow singularities; this is the focus of a parallel research effort.
Another test case considered was the propagation of a small pressure disturbance (Euler) in a square domain. Figures 28 to 34 give the convergence histories for the calculation of the propogation of a 2.0% pressure disturbance on a square 32x32 mesh domain. The multi-grid computations made use of 4 levels. In these cases, the damping capabilities of the multi-stage schemes can be more easily observed, since it is not necessary to employ smoothing at the problem "points" for the preconditioning step (M + 0 and M I' l), something that may affect damping.
A pressure disturbance decomposes into acoustic waves and an entropy wave (a nonlinear disturbance). The condition number for local time-stepping equals (M+ l)/min(M, IM -ll), and has a theoretical minimum at M = 0.5. Indeed, as Figure 29 shows, local time-stepping performs best at this Mach number and multi-grid convergence with local time-stepping is as good as with characteristic time-stepping for this case.
In general, however, multi-grid with matrix preconditioning is observed to be the most efficient of the schemes compared, both for first-order and second-order upwind discretizations. As expected, there is a Mach number dependence in the speed-ups observed. Large speed-ups with the preconditioned schemes are observed where the condition number for local time-stepping is high (Figures 28,   30 , 32 and 34).
Number of stages Table 5 : Work required for convergence for the calctilation of shockless transonic flow in a converging-diverging .
. channel. The basic grid has 256 cells, the spatial discretization is third-order upwind-biased. IJsing Tai's multi-stage parameters, the preconditioned scheme not only accelerates c,onvergence on a single grid, but also yields a greater multi-grid benefit than the standard scheme, which merely uses a local time step. The unit used here is the number of iterations needed to reduce the residual norm from around to around 10-lo. ' .. 
Optimization of Navier-Stokes schemes
If the proper preconditioning is used (see the companion paper [7] ), Navier-Stokes discretizations do not offer any extra difficulty -in theory. With decreasing c,ell Reynold-number the footprints get more and more concentrated near the real axis, where damping rates are exc,ellent anyway; the natural visc,osity causes high frequency eigenvalues to move away from the origin along the negative real axis, which is helpful. T h e influence of the cell aspect-ratio is removed by appropriate scaling of elements in the preconditioning matrix.
Thus, it appears that for a given spatial NavierStokes discretization and a given number of stages, a set of multi-stage parameters can be produced that provide superior high-frequency damping for all flow angles, Mach numbers, cell Reynolds numbers and cell aspect-ratios.
Concluding Remarks
In this paper, we have describe an optimization technique that can be used to obtain multi-stage schemes that optimally damp high-frequency waves admitted by a particular preconditioned Euler or Navier-Stokes discrete operator. We have also tabulated a set of these coefficients based on a first-order upwind discretization and some higher order ( K = 0, -1, 113) upwind discretizations of the Euler equations. Though these coefficients are based or1 a particular discrete operator (Modified Roe), it is expected that they will be useful with other discrete operators for the preconditioned Euler and Navier-Stokes as well, for use in both a multi-grid and single-grid context.
Results have been presented for some test cases. These results indicate that multi-grid with matrix preconditioning is more efficient than multi-grid with local tirne-stepping, in general, and that multi-grid and matrix preconditioning accelerate t,he convergence to a steady solution individually.
Further work is required to make the airfoil code (rnatrix prec,onditioning with Modified Roe scheme) more robust. We are also beginning multi-grid studies of NavierStokes cases.
